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We study Anosov actions of nilpotent Lie groups on closed manifolds. Our main result is
a generalization to the nilpotent case of a classical theorem by J.F. Plante in the 70’s. More
precisely, we prove that, for what we call a good Anosov action of a nilpotent Lie group
on a closed manifold, if the non-wandering set is the entire manifold, then the closure of
stable strong leaves coincide with the closure of the strong unstable leaves. This implies
the existence of an equivariant ﬁbration of the manifold onto a homogeneous space of the
Lie group, having as ﬁbers the closures of the leaves of the strong foliation.
© 2011 Elsevier B.V. All rights reserved.
Let G be a connected Lie group and M a smooth closed manifold. A locally free smooth action φ of G on M is an Anosov
action if there exists an f ∈ G such that f : M → M is a normally hyperbolic diffeomorphism with respect to the foliation
deﬁned by the orbits of φ (see [5,7]). In this case, f is called an Anosov element of φ. We say that φ is a good Anosov action if
there is an Anosov element of φ whose stable and unstable distributions are invariant under the derivative of each element
of G . Such an element will be called good Anosov element. If an Anosov element is in center of G , then it is a good Anosov
element. Therefore every Anosov action of Rk and, more generally, every central Anosov action (see [1]) is a good Anosov
action. If X is a vector in the Lie algebra of G and f = exp(X), we denote by Ω f (φ) the non-wandering set of the ﬂow
φexp(t X) . Inspired in the classical work of Plante on Anosov ﬂows (see [10]), we obtain the following result for good Anosov
actions of simply-connected nilpotent Lie groups:
Theorem 1. Let G be a connected simply-connected nilpotent Lie group, M a smooth closed manifold and φ a good Anosov action
of G on M. Denote by Fuu and F ss the strong unstable and strong stable foliations deﬁned from a good Anosov element f of φ .
If Ω f (φ) = M, then one of the following possibilities occurs:
1. either Fuu and F ss are minimal or
2. there exist a closed Lie subgroup H  G and a (continuous) locally trivial equivariant ﬁbration P : M → G/H such that each ﬁber
is saturated by Fuu and F ss.
In [11], the authors prove that the fundamental group of a closed manifold M has exponential growth if M supports
a codimension one Anosov ﬂow. In [1], the authors obtain a similar result for Anosov actions when dimM = dimG + 1.
In this work we also present the following result:
Theorem 2. Let G be a connected Lie group with exponential volume growth. If a smooth closed manifold M supports a jointly inte-
grable good Anosov action of G, then the fundamental group of M has exponential growth.
E-mail address:marcelotrls@gmail.com.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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In this section, we recall some deﬁnitions and introduce the notation that will be used throughout the work. Let M be
a smooth Riemannian manifold and F a smooth foliation on M . A diffeomorphism f : M → M is called normally hyperbolic
with respect to F , if there is a decomposition
TM = Eu ⊕ TF ⊕ Es
and constants c, λ > 0 such that:
1. the decomposition is invariant by f , that is,
Df
(
Eu
)= Eu, Df (Es)= Es and Df (TF) = TF;
2. for each x ∈ M ,
∥∥Df n(x)
∣∣
Esx
∥∥,
∥∥Df −n(x)
∣∣
Eux
∥∥, ‖Df
n(x)|Esx‖
m(Df n(x)|TxF )
,
‖Df n(x)|TxF ‖
m(Df n(x)|Eux )
 ce−λn,
where m(·) is the co-norm operator.
Let G be a connected Lie group, M a smooth closed manifold and φ : G×M → M a locally free smooth action of G on M . For
simplicity, we denote the diffeomorphism φg : M → M by g . We say that φ is an Anosov action if there exists an f ∈ G that
is normally hyperbolic with respect to foliation deﬁned by the orbits of φ. As mentioned in the introduction, in this work
we consider the case in that the stable and unstable distributions of f are invariant under the derivative of each element
of G . In this case, we say that f is a good Anosov element and φ is a good Anosov action. From invariant manifolds theory
developed by Hirsch, Pugh and Shub (see [6]), given x ∈ M , there is a smooth manifold Wuu(x) tangent to Eu(x), which is
called strong stable manifold of f in x. These manifolds deﬁne a continuous foliation on M , called strong stable foliation, which
we denote by Fuu . Similarly, we consider the strong unstable manifold of f in x and the strong unstable foliation, which
we denote by W ss(x) and F ss , respectively. If f is a good Anosov action, then each g ∈ G preserves the stable and unstable
foliations, that is, g takes leaves of Fuu (resp. F ss) onto leaves of Fuu (resp. F ss). In particular, Rk-Anosov actions and
central Anosov actions are good Anosov actions. For examples and properties of such actions, see [7,5,2,1].
It also follows from invariant manifolds theory that the distributions Eu ⊕ G and G ⊕ Es are integrable, giving rise to
continuous foliations called unstable foliation and stable foliation of f , which we denote by Fu and F s , respectively. For each
x ∈ M , the leaf Fu in x is given by
Wu(x) =
⋃
y∈Ox
Wuu(y),
where Ox denotes the orbit of x. Such a manifold is called unstable manifold of f in x. Similarly, we consider the stable
manifolds of f and the stable foliation deﬁned by them.
The distribution Eu ⊕ Es is not necessarily integrable. We say that φ is a jointly integrable Anosov action if φ admits the
Anosov element f whose distribution Eu ⊕ Es is integrable deﬁning a continuous foliation with smooth leaves. If f is a
good Anosov element, we say that φ is a jointly integrable good Anosov action.
The result below is well known and will be important throughout the work:
Product neighborhood theorem. Let φ be a smooth good Anosov action on a smooth closed manifold M and let Fu , Fuu, F s and
F ss be the stable and unstable foliations deﬁned from a good Anosov element f of φ . Given δ > 0 denote by Bσδ (x) the open ball inWσ (x) induced from Riemannian metric of M, where σ = u, s,uu, ss. There is a τ0 > 0 such that, for each τ ∈ (0, τ0) and each x ∈ M,
the maps
Bsτ (x) × Buuτ (x) → M,
(y, z) → Bs2τ (z) ∩ Buu2τ (y)
and
Bssτ (x) × Buτ (x) → M,
(y, z) → Bss2τ (z) ∩ Bu2τ (y)
are homeomorphisms over their images.
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If G is a connected simply-connected nilpotent Lie group, then the exponential map exp : g → G is a diffeomorphism.
We denote by ln : G → g the inverse of the exponential. A discrete subgroup D of G is a lattice subgroup if ln(D) is an
additive subgroup of g. Given a lattice subgroup D of G , we have that ln D is a lattice additive in g if and only if D is a
lattice in G (see [9]). Although in general a lattice D in G is not a lattice subgroup, there are lattice subgroups Γ1 ⊂ D ⊂ Γ2
such that Γ1 has ﬁnite index in Γ2 (see [8,9]). In this case, the lattice subgroups Γ1 and Γ2 are also lattices in G .
Until the proof of Theorem 1, φ is a good Anosov action on a smooth closed manifold M and φ admits a good Anosov
element f ∈ G such that Ω f (φ) = M . We denote by F ss , F s , Fuu and Fu the stable and unstable foliations deﬁned from f .
Moreover, we denote by C(φ) the set of points of M whose orbit is compact. From Theorem 4 in [5], we have that C(φ) is
dense in Ω f (φ) = M .
Lemma 1. If D is a lattice in G, there is a good Anosov element l ∈ D of φ having the same stable and unstable distributions of f .
Proof. If g ∈ G is close enough to f , it follows from normally hyperbolic diffeomorphism theory (see [6]) that the diffeomor-
phism g is normally hyperbolic with respect to some foliation close to the foliation deﬁned by orbits of φ. From invariance,
if g is close enough to f , this foliation must be the foliation deﬁned by the orbits of φ and thus g is an Anosov element of
φ. On the other hand, since φ is good, if g ∈ G is close enough to f , then g has the same stable and unstable distributions of
f . Take a linear isomorphism ξ : g→ Rq and write a = ξ ◦ ln( f ). Let A be the set of elements z ∈ Rq such that exp◦ξ−1(z)
is an Anosov element having the same stable and unstable distributions of f . Since ξ ◦ ln is a diffeomorphism, it follows
from that discussed above that A contains a small ball B
(a). With simple adjustments of constants, we conclude that
N · B
(a) =
{
nz; z ∈ B
(a) and n ∈ N
}
is contained in A. Let Γ ⊂ D be a lattice subgroup which is also a lattice in G (Theorem 2 in [8]). We have that ξ ◦ ln(Γ )
is an additive lattice in Rq and thus, if n ∈ N is enough large, we have that Bn
(na) ∩ ξ ◦ ln(Γ ) 
= ∅. Since Bn
(na) ⊂
N · B
(a) ⊂ A, the proof is concluded. 
Lemma 2. The foliations Fu and F s are minimal.
Proof. We prove the unstable case, the other being similar. Since M is connected, it is enough to prove that, for all x ∈ M ,
Wu(x) is open in M . Take z ∈ Wu(x) and a neighborhood N of z given by the product neighborhood theorem. Let p ∈
N ∩ C(φ). By structure of N , we have that W s(p) ∩ Wu(z) 
= ∅. Since Wu(x) is an Fu-saturated, we have that W s(p) ∩
Wu(x) 
= ∅. Since Wu(x) is saturated by orbits of φ, there is a y ∈ W ss(p) ∩ Wu(x). Let Gp be the isotropy group of p.
From Lemma 1, there is an Anosov element l ∈ Gp having the same stable and unstable distributions of f . We have that
d(ln(y), ln(p)) = d(ln(y), p) → 0 and thus ln(y) → p. Since Wu(x) is G-saturated, we conclude that p ∈ Wu(x). Since C(φ)
is dense in M (Theorem 4 in [5]) and Wu(x) is closed, we have that N ⊂ Wu(x) and the proof is done. 
The lemma bellow follows Lemma 1.4 of [10]:
Lemma 3. If for some p ∈ C(φ) the leaf Wuu(p) is not dense in M, then there exist a closed Lie subgroup H  G and a (continuous)
locally trivial ﬁbration P : M → G/H such that each ﬁber is saturated by Fuu and F ss.
Proof. The isotropy group Gp is an uniform lattice in G . Let Γ < Gp be a lattice in G which is a lattice subgroup. Since the
Anosov action is good, given l ∈ Γ , we have that
l
(Wuu(p))= Wuu(lp) = Wuu(p).
Using Zorn’s Lemma, take a minimal set ∅ 
= K0 ⊂ Wuu(p) 
= M with respect to the following properties:
1. K0 is closed in M;
2. K0 is Fuu-saturated;
3. l(K0) = K0, for each l ∈ Γ .
Since G is connected, it is a nilpotent group and thus Γ is a subnormal subgroup. Take a normal series
Γ0 = Γ  Γ1  · · ·  Γr = G. (1)
Taking the closure, we can suppose that Γ j is closed for each j ∈ {0, . . . , r}. Assume that Γ1(K0) 
= M . By Lemma 3.11 of [4],
there is a compact neighborhood of the identity U in G such that
G = U ∗ Γ. (2)
M. Tavares / Topology and its Applications 158 (2011) 636–641 639Since Γ1 > Γ ,
Γ1(K0) = (Γ1 ∩ U )(K0)
is a compact and Fuu-saturated subset of M . Using Zorn’s Lemma, take a minimal ∅ 
= K1 ⊂ Γ1(K0) 
= M with respect to
the following properties:
1. K1 is closed in M;
2. K1 is Fuu-saturated;
3. l(K1) = K1, for each l ∈ Γ1.
If Γ2(K1) 
= M , we can deﬁne K2 in the same way and so on.
Claim 1. Proceeding inductively, we obtain a 1 i  r such that Γi(Ki−1) = M.
In fact, in the last case, we can construct inductively Kr−1. By (2), we have
Γr(Kr−1) = G(Kr−1) = U (Kr−1)
and thus Γr(Kr−1) is a compact subset of M . Since Fu is minimal, Γr(Kr−1) = G(Kr−1) is dense in M . Therefore, Γr(Kr−1) =
M and the claim is proved.
Claim 2. If g ∈ Γi and g(Ki−1) ∩ Ki−1 
= ∅, then g(Ki−1) = Ki−1 .
In fact, g(Ki−1) ∩ Ki−1 is Fuu-saturated, and since Γi−1 is normal in Γi , given l ∈ Γi−1, there is γ ∈ Γi−1 such that
l
(
g(Ki−1) ∩ Ki−1
)= lg(Ki−1) ∩ Ki−1 = gγ (Ki−1) ∩ Ki−1 = g(Ki−1) ∩ Ki−1.
Since Ki−1 is minimal, we have g(Ki−1) ⊃ Ki−1. On the other hand, since Ki−1∩ g−1(Ki−1) 
= ∅, we have that g(Ki−1) = Ki−1
and Claim 2 is proved.
Claim 3. Ki−1 is F ss-saturated.
In fact, take x ∈ Ki−1 and y ∈ W ss(x). By Claim 1, we have that y ∈ g(Ki−1), for some g ∈ Γi . From Lemma 1, there is
an Anosov element l in Γ ⊂ Γi−1 having the same stable and unstable decompositions of f . Since l ∈ Γi−1  Γi and Ki−1 is
invariant by Γi−1, we have that lg(Ki−1) = g(Ki−1). Therefore, l preserves Ki−1 and g(Ki−1). Since d(ln(x), ln(y)) → 0, we
have that Ki−1 ∩ g(Ki−1) 
= ∅. From Claim 2, Ki−1 = g(Ki−1)  y and thus Ki−1 is F ss-saturated.
Using Zorn’s Lemma, take a minimal ∅ 
= K ⊂ Ki−1 with respect to the following properties:
1. K is closed in M;
2. K is saturated by Fuu and F ss .
Deﬁne H := {g ∈ G; g(K ) = K }. Given g ∈ G , it follows from minimality that
g(K ) ∩ K 
= ∅ if and only if g(K ) = K . (3)
It follows from the product neighborhood theorem that G(K ) contains an open of M . Since C(φ) is dense in M , there are a
g ∈ G and a q ∈ M , whose orbit is compact, such that q ∈ g(K ). If Gq is the isotropy group of q, it follows from (3) that
h(K ) = K , for each h ∈ g−1 ∗ Gq ∗ g.
Let D be a lattice in g−1 ∗Gq ∗ g which is a lattice subgroup in G . By Lemma 3.11 of [4], we obtain a compact neighborhood
V in G such that G = V ∗ D . Therefore, G(K ) = V (K ) is dense and compact in M , so G(K ) = M . This and (3) imply that the
map
P : M = G(K ) → G/H,
p = φg(x) → [g]
is well deﬁned and is clearly surjective. Given g ∈ G , there is an embedded disc S ⊂ G , centered in g , such that
• S ∗ H is an open of G;
• for each s ∈ S , (s ∗ H) ∩ S = {s}.
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φ|S×K : S × K → M
is injective and has as image an open subset A of M . This provides a structure of locally trivial bundle for P , having K as
ﬁber. 
Following Lemma 1.5 of [10], we obtain:
Lemma 4. If Wuu(p) is dense for each p ∈ C(φ), then Fuu is minimal.
Proof. Let L be a leaf of Fuu and τ > 0 given by the product neighborhood theorem. It is enough to prove that L intersect
the ball B
(x), for each x ∈ M and each 0< 
 < τ . Given y ∈ M , consider the open
N(y) =
⋃
z∈Buu

2
(y)
Bs

2
(z).
Since M is compact, there is a δ > 0 such that Bδ(y) ⊂ N(y) for all y ∈ M . Since C(φ) is dense in M , there is a ﬁnite cover
Bδ(p1), . . . , Bδ(pk) of M such that pi ∈ C(φ). Let f be the good Anosov element considered.
Claim. There is an n ∈ N such that f n(Buu

2
(pi)) ∩ B 

2
(x) 
= ∅, for each i ∈ {1, . . . ,k}.
In fact, let O1 the orbit of p1. If z ∈ O1, the set
Tz =
{
r ∈ R; Buur (z) ∩ B 
2 (x) 
= ∅
}
is not empty, because Wuu(z) is dense in M . Since O1 is compact, the continuous function
η : O1 → R,
z → inf Tz
has a maximum, which we denote by R . If n1 ∈ N is suﬃciently large, we have
f n1
(
Buuδ (p1)
)⊃ Buu2R
(
f n1(p1)
)
.
Since f n1 (p1) ∈ Op1 , we have that
f n1
(
Buuδ (p1)
)∩ B 

2
(x) 
= ∅.
In the same way, if n2 ∈ N is suﬃciently large, then f n1n2 (Buuδ (p2)) ∩ B 
2 (x) 
= ∅. Proceeding inductively, we obtain
n1, . . . ,nk ∈ N. Taking n = n1 · · ·nk , we conclude the claim.
Write l = f n . There is a j ∈ {1, . . . ,k} such that
l−1(L) ∩ Bδ(p j) 
= ∅. (4)
Let q ∈ Buu

2
(p j)∩ l−1(B 

2
(x)). By (4), the stable manifold l−1(L) intersect N(p j). Since q ∈ Buu

2
(p j), there is y ∈ l−1(L)∩ Bs

2
(q).
We have that
d
(
x, l(y)︸︷︷︸
∈L
)
 d
(
x, l(q)
)+ d(l(q), l(y))< 

2
+ 

2
. 
Proof of Theorem 1. It follows from Lemmas 3 and 4. 
We observe that the group H obtained in Lemma 3 contains a lattice of G and thus, by Lemma 1, H contains a good
Anosov element having the same stable and unstable distributions of f . If the map P constructed in Lemma 3 is smooth,
then K is a smooth submanifold of M of dimension equal to dimM − dimG . If, moreover, H is discrete it is possible to see
that φ is the suspension of the Anosov action of the lattice H on K .
Proof of Theorem 2. Let F be the foliation deﬁned by the integrable distribution Eu ⊕ Es . Since φ is a good Anosov action,
each g ∈ G takes leaves of F onto leaves of F . In particular, F admits a Lie transverse structure of model G (see [3]). The
result follows from item 1 of Theorem 3 of [12]. 
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